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SECTION I 

INTRODUCTION 

The problems of testing the hypotheses on the structures of the 

covariance matrix of the multivariate normal population have received 

considerable attention in the literature since these problems have 

applications in various disciplines. Wilks [1,2] is one of the earliest 

workers in this area. In this report, we investigate approximations to 

the distributions of the likelihood ratio statistics for testing the 

hypotheses of (1) multiple independence of several sets of variables, 

(2) sphericity, (3) equality of the covariance matrix to a given matrix, 

and (4) equality of the covariance matrices of independent sets of 

variables. These approximations are based upon fitting suitable Pearson 

type distributions by using the first four moments of the above statis- 

tics. Using the above approximations, we construct percentage points of 

these statistics« The accuracy of these approximations is sufficient 

for practical purposes. 

Exact distributions of the test statistics considered here are very 

difficult to compute. One can, of course, use Box's asymptotic ex- 

pression by taking a sufficient number of terms to compute the tables 

and this may be preferable to exact expressions from a computational 

point of view. However, this asymptotic expression is also difficult 

to compute when we need to take several terms in the series and this is 

the case when vhe sample sise is not large. Since Pearson type approxi- 

mations are quite simple fro» a computational point of view and since 

their accuracy is sufficient for practical purposes, they are definitely 

preferable to either exact expressions or Box's asymptotic series if we 

■i^mn«n*T.iiM«.t I 



«re interested in confuting the percentage points of the statistics 

considered in this paper. 

■£**£ —- i—II)    I1WTI    MIMMII   r   i 



SECTION II 

STATEMENT OF THE PROBLEMS AND PRELIMINARIES 

Let X' ■ (X',...,X') be distributed as a nultivariate normal with 
*   «1    *q 

mean vector u* and coveriance matrix E. Also, let E(X.) ■ y, and 
q 

E*(5i ' üi) (*j " Hj>'^ * rij' wnere ?i is of ordor pi x l  and 8 * £ pi' 

in this paper, we consider approximations to the distributions of the 

likelihood ratio statistics for testing the hypotheses H,, H_, H . Hi( 12   3   4 

and H where 

^8 £  - 0  (i + j « l,...,q) 

2 2 
H_ : Z ■ a   Z (a is unknown, Z   is known) 
4              O O 

H, : Z  - Z 
3      o 

H. : £.. ■ ... * I   (under the assumption that H, is true 
4   11        qq l 

and p1 - ... - pq) 

E.. - ... « Z  _ 
11        q1,q1 

H. t     M z_ .,_.,-...- i 
VlfVX  ""   q2#q2 

E -    ■ T. 
«k-l*1'**-!*1        q'q 

j 
Here q* - 0, qj * Z  q and q* - q. 

3 i-1 x    * 

These distributions are approximated with Pearson type distributions. 

A brief description of the family of Pearson type distributions is 

given below. 



If f(x), (c < x < d), is the probability density function be- 

longing to the family of Pearson type distributions, then f(x) satisfies 

the differential equation 

<b0 + bxx + b2x
2) ~£^ « (x + a)f (x). (1) 

Let m£ »   j£ xkf (x)dx and n^ - $* (x - mj)kf(x)dx.    It is kno%m that 

2 
a - «3(»4 + 3m2)/A 

b0 " "V*V4 " 3*3>/A 

bx - -m3(m4 + 3m
2)/A (2) 

b2 - -(2m2m4 - 3m* - 6m*)/A 

A - 10m2m4 - 18m2 - 12m
2 

The family of Pearson type distributions is completely specified by its 

first four moments and the type of the distribution can be determined by 

examining the quantity < where 

0^*2 + 3)2 

K  * 4(232 - 3ßx - 6)(4ß2 - 3B1) ' (3> 

2 3 2 
3, " a3/

m
2 
and ^2 " "Vm2* *' * is n*9ative* *• classify it as tne 

Pearson's Type I distribution. When K is positive, it is classified as 

the Pearson's Type IV or Type VI accordingly as K is less than or greater 

than unity, respectively. For a discussion of Pearson type distribu- 

tions, see [3]. Tables for the percentage points of Pearson type dis- 

tributions are given in Johnson, Nixon and Amos [4] for some values of 

the parameters. 



SECTION III 

MULTIPLE INDEPENDENCE OF SEVERAL 

SETS OF VARIABLES 

Let X' - (X* ,...,X' ),(j«l,...,N), be jth independent observation 

on X1 and let 

L 

™ 

Au.   . 
iq 

A21.   . 
2q 

•                               •             • 

• • 

• • 

•                               •              * 

A ,   .   . 
qi 

.  A 
qq    ; 

where 

N 

"** it»  " iJ £ ?ij* Tnen' tne livelihood ratio statistic for testing 

H. is known to be 

1   q , n |A 
j-i 

jj' 

(4) 

The sonents of the statistic V are given by 

n iT|cB*i-i) ♦ hi n I n r[±<n+i-j) I   } 
B(VJ).iml L Jj-llj-1L2       J I 

n iTi<n+i-i)} n I n rfWi-j) ♦ h ] 
i-i l*        J i-i I j-i L* J 

(5) 



where n ■ N-l and T(n) is the complete gamma function. The statis- 

tic V and its moments were derived by Wilks [23. According to the 

likelihood ratio test, v<* accept or reject H accordingly as V > c* 

where V * -21og V and 

The distribution of V is quite skew. Hence, we approximate the distri- 

bution of V   with a suitable Pearson type distribution, where b is a 

properly chosen integer. The type of Pearson distribution that has to 

be fitted is determined by computing K given by Eq. (3) after replacing 

"if m2' m3# and m4 witn ^bi' K2' K3 and ^M' resPectively' ***** v£h 

is the h-th moment of V  . By the above method, it is found that the 

Pearson's Type I curve fits the distribution of V.  . The density of 

the Pearson's Type I distribution is given by 

f °° " l uWX"°o)0(a-x)e (7) 
3<a+l, e+lXa-a )a+e+1     ° 

°    °o 5 x 1 a 

where a , a, a and e depend upon a°, b°, b? and b°. The parameters 
0 012 

000    o 
a , b , b and b_ are respectively equivalent to a, b , b., and b_ 

O   1      i. o   1       2 

after replacing m? with y/ . In this report we consider the case where 

Pi-p. 

Box [5] derived asymptotic expressions for a class of likelihood 

ratio test statistics in multivariate statistical analysis. This class 

includes the statistics associated with testing the hypotheses H , H , 

H , and H . The number of terms given by Box is not sufficient tr get 

6 



the desired degree of accuracy in several practical situations. So, the 

authors gave terms up to 0 (n  ) in the appendix applying the method of 

Box. 

Consul [6] and Mathai and Rathie [7] derived exact expressions for 

the distribution of V , and these expressions are very diffucult to 

compute. So, the authors studied approximations to these distributions 

with suitable Pearson type distributions. 

Table I gives a comparison of values obtained by the Pearson type 

approximation and the asymptotic expression of order n  . In Table I, 

a. is the value of a if W3 use the Pearson type approximation whereas 

a. is the value of a when we use the asymptotic expression of order 

n  , wher* a is given by 

p[V* < C1|HI) - (1-a). (8.) 

Davis and Field [8] computed the percentage points of -2p log V 

for some values of the parameters by using the Cornish-Fisher type in- 

version (see Davis [9]) of Box's asymptotic series when 

1-P (■'-i'O-'l-M'')]/6"^) 
\ in Table II, the entries under the columns L-C-K axe the values of c 

obtained by the authors with the Pearson type approximation whereas the 

entries under the columns D-F are the corresponding values obtained by 

Davis and Field [8]. 



Tables I and II indicate that the accuracy of the Pearson type 

approximation to the distribution of V is sufficient for practical 

purposes. Hence, using the Pearson type approximation, we computed the 

values of c for p * 1, 2,  3; q « 3, 4, 5; a * 0.01, 0.05, 0.10; and M = 

1(1)20(2)30, where M = n - s - 3. These values are given in Table III. 

When q ■ 2, it is found that the Pearson type approximation is quite 

satisfactory, and the results are reported in a companion paper [10] 

by the authors. 



TABLE I 

COMPARISON OF THE PEARSON TYPE APPROXIMATION 

WITH THE ASYMPTOTIC EXPANSION OF ORDER n"13 

FOR THE DISTRIBUTION OF v| 

q-3 p-1 q=5 P-1 

n 
Cl ttl tt2 Cl ttl tt2 

10 1.913 0.05 0.0499 4.978 0.05 0.0488 

10 2.778 0.01 0.0100 6.333 0.01 0.0095 

15 1.187 0.05 0.0500 2.947 0.05 0.0497 

15 1.723 0.01 0.0100 3.742 0.01 0.0099 

20 0.860 0.05 0.0500 2.099 0.05 0.0499 

20 1.249 C.Ox 0.0100 2.663 0.01 0.0100 

30 0.555 0.05 0.0500 ; 1.333 0.05 0.0500 

30 0.805 0.01 0.0100 1.690 0.01 0.0100 



TABLE II 

COMPARISON OF THE PEARSON TYPE APPROXIMATION WITH 

INVERSION OF THE ASYMPTOTIC EXPRESSION FOR 

THE PERCENTAGE POINTS OF V^ 

q»4 P-l q-5 P-l 

n a L-C-K D-F L-C-K D-F 

10 0.05 3.238 3.238 4.978 4.977 

10 0.01 4.330 4.331 6.333 6.333 

15 0.05 1.967 1.967 2.949 2.948 

15 0.01 2.628 2.628 3.742 3.742 

20 0.05 1.414 1.414 2.099 2.099 

20 0.01 1.888 1.888 2.663 2.663 

24 0.05 1.154 1.154 1.706 1.707 

24 0.01 1.541 1.542 2.165 2.164 

10 
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SECTION IV 

LIKELIHOOD RATIO TEST STATISTIC FOR SPHERICITY 

2 
The likelihood ratio statistic for testing H : Z = a £ , where 

2 
a is unknown and £ is known, is given by 

V    =  1 °J  (9) 
2   /      , / \ s 

tr A I 
o 
/•) 

where A was defined in Section III and tr B denotes the trace of B. The 

h-th moment of V is given by 

s   T I j(n+l-i)+h J 
E(v

h) , P r<sV2>   ji 
2     nsn + —->    i=i      rfj(n+i-i)j 

(10) 

The statistic V and its moments were derived by Mauchly [11]. Using 

1 *b 
the first four monents, we approximated the distribution of V ' with 

the Pearson Type 1 distribution, where b is a suitably chosen integer. 

Expressions for the exact distribution of V were given by Consul [6], 

Mathai and Rathie [12], and Nagarsenker and Pilldl [13], but these 

expressions are very difficult to compute. In Table IV the values under 

the column LCK are the values obtained by the authors usirg the Pearson 

type approximation whereas the corresponding exact values are taken from 

Nagarsenker and Pillai [13]. This table indicates that the accuracy of 

the Pearson type approximation is sufficient for practical purposes. 

The values of a in this table are given by the relation 

P[V2ÜC2I
H2] " (1"a) 
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TABLE IV 

COMPARISON OF THE PEARSON TYPE APPROXIMATION WITH 

EXACT EXPRESSION FOR THE DISTRIBUTION OF V9 

S-4 s-5 s-7 

n a L-C-K Exact L-C-K Exact L-C-K Exact 

6 0.05 0.0169 0.0169 0.0013 0.0013 — — 

6 0.01 0.0050 0.0050 0.00022 0.00022 — — 

10 0.05 0.1297 0.1297 0.0492 0.0492 0.0029 0.0030 

10 0.01 0.0726 0.0726 0.0242 0.0242 0.0010 0.0010 

15 0.05 0.2812 0.2812 0.1608 0.1608 0.0368 0.0368 

15 0.01 0.1967 0.1966 0.1052 0.1052 0.0207 0.0207 

21 0.05 0.4173 0.4173 0.2877 0.2876 0.1111 0.1111 

21 0.01 0.3264 0.3264 0.2156 0.2156 0.0761 0.0761 

33 0.05 0.5833 0.5833 0.4663 0.4663 0.2665 0.2665 

33 0.01 0.5013 0.5013 0.3910 0.3910 0.2125 0.2125 

41 0.05 0.6507 0.6508 0.5453 0.5453 0.3515 0.3515 

41 0.01 0.5769 0.5769 0.4741 0.4741 0.2939 0.2939 
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SECTION V 

LIKELIHOOD RATIO STATISTIC FOR TESTING THE 

HYPOTHESIS THAT THE COVARIANCE MATRIX 

IS EQUAL TO A SPECIFIED MATRIX 

Consider the problem of testing the hypothesis H : E = E where 

E is specified. The likelihood ratio statistic for testing H and the 

moments of this statistic were derived by Anderson [14}. The modified 

likelihood ratio test statistic (obtained by changing N to n in the 

likelihood ratio statistic) and its moments are as given below: 

V, = (e/n)Sn/2 A Z-1 
3 -I   O 

11/2      1   -1 etr (-4 A Z ) (11) 
2   o 

KV}) = (2e/n)Shn/2 IE I**'2 

n r j(n+nh+l-i) 

Ir["tn+1-i)] 
|x + b I  rn<1+h»/2 iZi_^ r (12) 

0 

Using the first four moments, we approximated the distribution of V   with 

the Pearson Type I distribution as in Section III, where b is a suitably 

chosen integer. Korin (15J obtained an asymptotic expression of order 

-15 * 
n   for the distribution of V - -2 log V-. Using this expression, he 

* 
computed percentage points of V for some values of the parameters. 

Nagarsenker and Pillai [16] obtained an expression for the dis- 

trihution of V ,  but this expression is complicated from a computational 

point of view. Using this expression, they computed exact percentage 

* 
points of V . In Table V we compare our values (given in the column 

L-C-K) obtained by using the Pearson type approximation with exact 

16 



values of Nagarsenker and Pillai, and the values obtained by Korin [15]. 

Table V indicates that the accuracy of the Pearson type approximation is 

sufficient for practical purposes. 

17 



1- 00 

2 z o 
►—1 HH 
X oo 
o oo 
oc Lü *   CO 
CL OH > 
O. CU 
< X U_ 

Lü o 
Lü 
CL O z >- l-H o 
r- h- 1—1 

> o »— z r- ZD 
LÜ o Q. CO 
-J 00 Z 1—1 
CO C£ >- et: 

ff 2 OO < & 
O. •—i 

o O* 
LÜ ^c 
X < LÜ 
1- X 

r- P- u. u o 5 o 
3C LÜ ü_ 

s X 
1—1 h- 
ÜC i-H 

< 2 

l> •H in o vO *■ M p» 00 o fN PO 
4-t 
O 

o 00 rH i-H r» VO 00 °I fN p* m fN 

cn in H vO in o> rH ** rH fN £ r» 
X H PO PH fN o r-i o rH rjv O o> w r4 

00 rH in O vO "T PO vO 00 H r-l PO 
r< o ao H H p* vO 00 0> fN P* in <N 

V 0> in I-» vo in C* rH -* rH fN £ r- 
n r-J po r-4 fN O rH o rH ON O er» « rH 

in rH in iH in H in r4 in r-i in r-i 
O o o O o O o o O O O O 

Ö • • • • • • • • • 
o o o O o O o o o o o O 

CM fN PO PO ^r *r in in O o in m e fN fN fN fN 

c 
00 

o> 
00 8 

rl 1 i 1 1 i i ♦ i 
o 1 i 1 1 i i i i vO PO in M 
*4 PO * PO ^r 

■M in o PO VO ro in -< PO s 00 00 a» u fN vO 00 -t vO PO p» fN <T\ CO r*. < • • • • • • • • ■ <i ■ • 
X <T> <J\ in in m fN 00 vO VO PO in fN 
W <T in <» in T in m *f PO Tf PO TJ- 

\o 1 
K *r er» (N in fN in rH PO r> r* cn f/t 

1 fN in 00 rH vO n r- fN 00 Cft 00 r- 

V • • • • • • • • • « 
<r> o> in in PO fN 00 vO vO PO in fN 

►J ^r in *r in -<* in ro ^r PO *r PO •^ 

m <-* in -4 in *H in r-K in >-i in -* o o o o o O o o o o O O 
Ö • » • • • • • • • • 

o o o o o o o o o o o d 

00 00 <T» 0> o o in in o o in in 
C -H rH ^4 rM fM fN fN fN 

C VO in vO in PO p» 
•r4 00 o 00 r- vO PO -i r- 
M • 1 1 

S in 1 T o H p* rH r- O 1 
rs fN PO CM fN fN fN (N 

4J vo 00 vo in in vO in PO r*- 
U r» o o p* p* vO PO •^ r* 
Ifl • • • • • • • t 1 

2 in PO *t o «H r* r-i P* o 
<N PO fN PO fN fN fN <N (N 

* 
*: vO r» vO *f ^n vO in PO r» CO 

!V 
p» o O r* r* vO PO -i r>- ro 

in PO *T o rH p* ^ r- d vO _) fN f fN n <N fN fN fN (N fN 

m ^ •n rH in M in r-A in -t o O ■" o O o O o o O 
0 ♦ • • • • • • t • 

o o O o O o o o o o 

* vO 1*» p* o o rH -4 PO PO 
c 

18 



SECTION VI 

LIKELIHOOD RATIO STATISTIC FOR TESTING 

THE HOMOGENEITY OF COVARIANCE MATRICES 

Let X' = (X',...,X') be as defined in Section II. Let X.. 
-1    ~q ^lj 

(j*l,...,N.) be j-th independent observation on X.. Also, let 

p. = p(i ■ 1,.. rq) and 

N. 
l _ 

A.. = t   (X. . - X.)(X. . - X.) 
"   jsl -ID -i  ~JO   -1 

Wilks [1] derived the likelihood ratio statistic for H. :£,,*...* £ 4 11 qq 

when £..  = 0<i^j=l,..q)   and derived its moments.    Let n.  = N.-l,  and 

q 
n a    En..    The modified likelihood ratio statistic V    (obtained by inter- 

im X 4 

changing N.  wi* h n.   in the likelihood ratio statistic)   for H    and the 
li 4 

moments of V    are given below: 

q 
n 

gg 
V2 

pn/2 

g=l gg 

n/2      q pn /2 
n   n     g 

g-i   9 

(13) 

4 l /   9-1    9 

P 
n 

i=*l 
n    T((n  +hn +l-i)/2|/n (n +l-i)/2] 

g=l «      q g 

'    { ri((n+l-i)/2]/r[(n*hn+l-i)/2l (14) 
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Korin [17] computed percentage points by using Box's asymptotic ex- 

pression up to terms of order n" . Davis and Field [8] computed the 

percentage points by using the Cornish-Fisher type inversion of Box's 

asymptotic expression.  In this paper, we approximated the distribution 

1/b 
of V  , with a suitable Pearson type distribution where b is a suitably 

chosen integer. The type of distribution that is fitted is the Pearson's 

Type I distribution.  In Table VI, we compared some of the percentage 

points obtained by us with the corresponding values obtained by Davis 

and Field [8) and Korin [17], where n. = n . The percentage points 
1   o 

c obtained by us using the Pearson type approximation are given under 

the column L-OK whereas the corresponding values obtained by Korin, and 

Davis-Field are given under the columns Korin and D-F, respectively. 

Table VI indicates that the Pearson type approximation is satisfactory 

for practical purposes.  In this table, a is defined by the equation 

P [ VI 1 C4I
H4 ] =<!-«> <15> 

When n is large, Bishop [18] investigated the accuracy of approximating 
o 

2 
the distribution of the -th power of the likelihood ratio criterion with 

N 

the Beta distribution for a few cases, where n = qn . 
o 

Using the Pearson type approximation, we computed the values of c 

when n = (p+1)(1)20(5)30, p = 2(1)6, q = 2(1)10 and a = 0.01, 0.05, 

0.10. These percentage points are given in Table VII. 
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n 

TABLE VII 

PERCENTAGE POINTS OF THE DISTRIBUTION 

OF ~2 log V4 

a = 0.10 P = 2 

q=2  q*3   q«4   q=5   q=6   q=7   q«8   q=9   q=10 

3 9.75       1 .5.dO 21.29 26.52 31.30 30.58 «*1,«»9 «♦6.32 51.12 
k 8.56       1 L«».07 19*08 23.87 28.52 33.17 37.55 <*1.97 >*b.36 
5 7.97       1 13.22 17.99 22.55 26. )7 31.31 35.58 39.80 <*3.97 
6 7.63       i L2.70 17.33 21.75 26.0? 30.25 3*. 39 38. «*9 U2.53 
7 7.39       1 .2.36 16.89 21.22 25.*2 29.5«* 33.60 37.61 1*1.57 
8 7.23       i L2.ll 16.57 20.8«* 2k.46 29. Q<* 33.03 36.98 40.88 
9 7.10        1 Lit 93 16. 3*» 20.55 2<«.=>5 28.bb 32.61 3b.51 1*0.37 

10 7.01        1 1.78 16.16 20.33 2**.39 28.36 32.28 36*1** 39.97 
11 6.93       1 LI.67 16.01 20.15 2^.18 28.12 32.01 35.85 39.65 
12 6.87        l LI. 58 15.88 20.01 2<*.Ü1 27.93 31,79 35.61 39.38 
13 6.82        1 LI.50 15.79 19.89 23.97 27.77 31.62 35.<*1 39.16 
1«» 6.77       1 ll.<*3 15.7G 19.78 23. ?5 27.63 3i.<*6 35. 2* 38.96 
15 6,7<*       I LI.37 15.63 19.69 23."i5 27.52 31.33 3b. 09 38.82 
16 6.71       i LI.33 15.57 19.62 23.56 27.<*2 31.21 3<*.97 38.08 
17 6.68       1 11.28 15.51 19.55 23.-.8 27.32 31.11 3«**86 38.56 
18 6.65        ] LI. 25 15.<*6 19.<*9 23.41 27.25 31.03 3*t.?o 3d.i*5 
19 6.63       : Li. 21 15.«*2 19. <♦«♦ 23*35 27.18 30.95 3i*.68 38.36 
20 6.61       1 LI.18 15.38 19.«*0 23.10 27.12 30.88 3<*.6Q 38.26 
25 6.53       1 LI.07 15. 2k 19.22 23. J9 26.98 30.61 3<*.3Q 37.95 
30 6.<*d       1 LI.00 15. Ik 19.10 22.36 26.73 30.«»5 3i*.12 37.71» 

q-2 

a = O.io       p = 3 

q-3   q«4   <?"5   q=6 q»7   q=8   q»9  qs10 

k 18.67 30.76 •»1.78 52.i*l 62."0 73.03 83.lt» 93.1tr 103,12 
5 16.19 26.87 36.79 1*6.36 55.7*3 6<**95 7i*.05 63.09 92.05 
6 1<*.83 2i».87 3i».22 *»3.2i» 52.J6 60.76 t>9»35 '7,86 86.30 
7 10.01 27.66 32.6<» 1*1.33 •♦5.91 58.18 66. ♦«• /<**6>* 82.76 
8 13*i«6 22.83 31.58 1*0.03 Hd.29 5b. i*«* 6<*.+d 72.4.5 80.37 
9 13.06 22.21» 30.81 39.09 <»7.19 55.17 63.0s 70.86 78,6U 

10 12.77 21.79 30.23 36.38 *»b. Jo 5-.21 61.y* 69.68 77.31 
11 12.53 21.*»*» 29.77 37.82 1.5.70 53. *b 61.13 66.7** 7b.2b 
12 12.35 21.16 29.1*0 37.37 '5.17 52.86 oC .<+ j 67.98 75.1*5 
13 12.19 20. n 29,10 37.0 0 <*4, 7H 52.36 59. 61 67.35 7H,77 

1<» 12.07 20.73 28.95 36.69 <*(*• Jb 51.91* >9.i*2 bb.ö«. 7*.19 
15 11.96 20.57 26.63 36.1*3 •♦«..16 51.59 59,03 66.39 73.70 
16 11.87 20.<*3 28. *5 36.21 *3.*0 51.28 58.o7 6o. 0' 73.29 
17 11.78 20.30 28,29 36.01 W3.57 51.02 3«. 38 65.b7 72.V2 
18 11.71 20.20 28.1b 35.63 03.17 50.79 56.11 6b. 38 72.59 
19 11.65 20.10 26.02 35.66 *• 3.19 50.56 57.-IS 65.12 72* 12 
20 11.60 20.02 27.91 35.55 i>3.J2 50.39 57.69 6*.90 72.C7 
25 11.39 19.70 27.50 35.05 1*2.-.3 1*9.71 56.91 bt. Ct* 71.12 
30 11.26 19.50 27.23 3<».72 i*2.05 i*9.27 5b.-*2 b3.*1 7\}.y2 
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n 

TABLE VII (Continued) 

q=2       q-3 

O ■ 0.10      p = 4 

q=4       q=5       q=:6 q=7       q=6       q=9       q=10 

5 30.70 50.45 68.96 86.91 10*..33 121.93 139.15 156.25 173.2H 
0 26.16 43.85 60.44 76.56 92.36 107.96 123.Ho 136.61 15H.09 
7 23.79 40, 34 55.91 71.02 85.37 100.51 115.03 129.«»5 143.75 
3 22.33 38.15 53.06 67.55 81.76 95.81 109.73 123.52 137.25 
9 21.33 36.65 51.11 65.15 78. ih 92.55 106.0o 119.Hb 132.76 

10 20.60 35,56 «♦9.67 63.39 76.*7 90.17 103.37 116.1.5 129.46 
It 20.06 3«».72 46.58 62.OH 75.28 88.36 101.30 llH.15 12b.93 
12 19.62 34.06 «♦7.71 60.96 74.32 66.90 99.66 112.3H 12H.95 
13 19.27 33.53 47.00 60.12 73.00 85.73 98.36 110.68 123.31 
14 16.95 33.08 46.42 39.40 72.1? SH.76 97.26 109.65 121.96 
15 18.7H 32.71 «♦5.9v 58.60 71.45 83.95 96.32 108.61 120.65 
16 16.53 32.i»0 1*5.52 58.30 70. in 83.25 95.55 107,73 119.87 
17 16.36 32.12 45.16 57.65 70.33 82.65 94.66 106.98 119.03 
Id 18.21 31.89 44.85 57.47 6S.97 62.13 94.26 106.32 118.30 
19 18.07 31.68 HH.56 57.13 69.H7 81.66 93.75 105.73 117.67 
20 17.96 31.49 44.33 56.83 69.12 81.25 93.28 105.22 117.10 
25 17.51 30.81 43.43 55.72 67.40 79.75 91.57 103.33 115.0 0 
10 17.2*» 30.37 42.86 55.02 66.37 78.79 90.i*9 102.11 113.67 

q«2 

a - O.io        p = 5 

q=3        q*4       q«5       q=6 q=7       q*8       q=9       q-10 

6 45.25 7H.90 102.86 130.09 156.89 183.39 209.65 235.79 261.72 
7 38,56 65,12 90.21 114.66 138.»0 1*2.50 166.15 209.58 232.90 
8 34.95 59.77 63.27 106.16 126.70 150.99 173.1? 195.06 216.94 
9 32.69 56.37 78.81 100.70 122.23 143.54 164.69 185,70 206.61 

10 31.12 54.00 75.70 96.86 117.72 138.36 156.82 179,16 199.37 
11 29.97 52.2H 73.H0 94.0 3 114.37 134.47 154.H2 17«,. 28 194.00 
12 29,08 50.98 71.62 91.65 111,78 131.47 151.03 170.52 189.94 
13 28.39 49.31 70.20 90.09 109.70 129.10 148.33 167.H9 186.53 
14 27.82 48.93 69.04 88.66 108.01 127.14 146.14 165,04 183.78 
15 27.35 H8.21 66.07 *7.48 106*60 125.51 144.31 162.94 161.54 
16 20.95 47.59 67.26 86.47 105.*2 124.14 1H2.75 161.24 179.62 
17 26.62 H7.07 66.57 85.62 104.40 122.98 1H1.42 159.75 177.97 
16 26.32 46.61 65.96 64,87 103.50 121.95 1*0,27 158.H5 17b.56 
19 26.07 46.21 65.44 64.22 102.74 121,06 139.23 157.32 175.30 
20 25.85 45.85 64.97 83.65 102.35 120.28 136.36 156.32 174.20 
25 25.03 44.59 63.26 81.56 99,b7 117,41 135 .10 152.67 170,19 
30 24.5> 43,78 62.22 80.23 96,01 H5.60 133.04 \ 50.39 167,69 
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TABLE VII (Continued) 

q=2 

a - o.io   p = 6 

q=3   q=4   q^S       q=6 q=7   q=6   q=9   q«10 

7 
i 
9 

13 
11 
12 
13 
14 
15 
16 
17 
Id 
19 
20 
25 
30 

62*64 
53.42 
40,40 
45.le 
H2.92 

41.23 
39.91» 
38.91 
36.06 
37.J6 
36.76 
36.26 
35.82 
35.43 
34.06 
33.21 

104.12 
90.76 
63.29 
76.42 
74.99 
72.42 
70.43 
68.83 
67.51 
66.>*2 
65.49 
6H.Ü9 
64.00 
63.39 
61.22 
59.97 

143.53 
1?6.20 
11O.4H 
110,07 
105.56 
102.16 
99.54 
97.«.2 
95.67 
94.23 
93.00 
91.93 
91.01 
90.21 
87.30 
85. H9 

181.97 
160.82 
148.84 
141.01 
135.4«. 
131.26 
128.00 
125.39 
123.24 
121.46 
119,93 
118.60 
117.47 
116.47 
112.86 
110.63 

21«.97 
19«*.94 
180.79 
171.49 
164.il 
159.38 
156.11 
153.31 
l50.-»6 
148.Jl 
146.51 
144.95 
143.59 
142.40 
138.11 
135.45 

257.40 
228.72 
212.41 
201.73 
194.13 
188.42 
183.93 
180.35 
177.39 
174.95 
172.8H 

171.03 
169.49 
166.11 
163,13 
160.06 

294.64 
262.28 
243.33 
231.7? 
223.1H 

216.65 
211.57 
207,54 
20H. 16 
201.38 
199.02 
196.97 
195.17 
193.61 
187.98 
164.51 

331.76 
295.59 
275.04 
261.56 
251.93 
244.70 
239.10 
234.56 
230.76 
227.67 
225.05 
222.74 
220.73 
219.00 
21C.70 
208.78 

368.58 
328.81 
306.13 
291,26 
260.69 
272.69 
26'o.4 8 
261.H6 
257.33 
253.85 
250.97 
248.44 
246.20 
24H.29 
237.33 
233.04 

a « 0.05        p - 2 

n 
o 

q-2 q*3 q=4 q-5 q«6 q-7 q*8 q-9 q-10 

3 12.18 16.70 24.55 30.09 35.4? 40.66 45.81 50.87 55.66 
4 10.70 16.65 22.00 27.07 31.37 36.75 41. H5 4b.07 50.b4 
5 9.97 13.63 20.73 25.57 30.23 34.79 39.26 43.67 46.02 
b 9.53 15.02 19.97 24.66 29.19 33.61 37,95 H2.22 46.45 
7 9.24 14.62 19.46 24.05 28. H9 32.63 37. 0d 41.2b 45.40 
9 9.04 14.33 19.10 23.62 27.99 32.26 36.44 40.57 44.64 
9 8.38 14.11 18.83 23.30 27.62 31.64 36.95 40.05 4H.08 

10 8.76 13.94 18.61 23.05 27. J3 31.51 35.61 39.65 43.64 
11 8.67 13.91 18.44 22.85 27.10 31.25 35.32 39.33 43.29 
12 8.59 13.70 18.30 22.66 26.90 31.03 35. Oi 39.07 43.0C 
13 8.52 13.60 18.19 22.54 26.75 30.85 34.67 38. 8H 42.76 
14 8.47 13.53 18.10 22.H2 26.ul 30*70 34.71 38. cb 42.56 
15 8.42 13.46 18.01 22.33 26.50 30.57 3H.57 38.50 42.36 
16 8.38 13,40 17.94 22.24 26.40 30.45 34,43 36.36 42.23 
17 8.35 13.35 17,67 22.17 26.31 30.35 34,32 38.24 42.10 
18 6.32 13.30 17.82 22.10 26.23 30.27 34.2 J 36.13 41.99 
19 6.28 13.26 17.77 22.04 26.16 30.19 34.14 36.04 Hi.66 
20 6.26 13.23 17.72 21.96 26.10 30.12 :4.07 37.95 41.79 
25 8.17 13.10 17.55 21.79 25.47 29.86 33.78 37.63 41.44 
30 8.11 13.Jl 17.44 21.65 25.72 29.69 33.59 37.42 41.21 
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TABLE VII (Continued) 

a 0.05 

q«2  q*3   q=«4   q=5   q=6   q=7   q=8   q=9  q«10 

V 22.VI 35.00 V6.56 57.66 68.50 79.11 89.60 99.9V 110.21 
5 19.19 30.52 V0.95 50.95 60. 59 70.26 79.b9 69.03 96.27 
6 17.57 28.2V 38.06 *»7.i»9 56.o7 65*69 7V.58 63.39 92.09 
7 16.59 26.8V 36.29 V5.37 5 V.20 62.89 71. 44 79,90 81.30 
9 15.93 25.90 35.10 (»3.93 52, j* 60.99 69.32 77.57 65.73 
9 15.V6 25.22 3V.2V V2.90 51.33 59.62 67.78 75.66 83.67 

10 15.11 2V.71 33.59 V2.ll 50. -»2 58.57 66.62 74. 58 82.V6 
11 IV.63 2V.31 33.08 VI.50 V9.71 57.76 65.71 73.57 61.36 
12 IV.61 23.99 32.67 VI.00 V9.13 57.11 6V.97 72.75 80.45 
13 1V.V3 23.73 32.33 V0.60 46.65 56.56 6<*.36 72,09 79.72 
lit IV,28 23.50 32.05 V0.26 48.26 56.11 63.86 71.53 79.11 
is 1»». 15 23.32 31.81 39.97 V7.92 55.73 63.43 71,05 78.60 
16 IV.OV 23.16 31.60 39.72 V7.63 55.V0 63.06 70.6V 76.1V 
17 13.9V 23.02 31.*3 39.50 V7.38 55.11 62.73 70.27 77.76 
18 13.66 22.89 31.26 39.31 V7.16 5V.86 62.*? 69.97 77.VI 
19 13.73 22.78 31.13 39. .5 «•6.96 54.6V 62.21 69,69 77.11 
23 13.72 22.69 31.01 39.00 V6.79 5V.VV 61.98 69.45 7o.dV 
25 13. V8 22.33 30.55 38,VV V6.15 53.70 61.16 68.5V 75.6V 
30 13,32 22.10 30.25 38.09 V5.73 53.22 60.62 67,9* 75.18 

a = 0.05   p =   4 

n 
0 

q=2 q»3 q«4 q-5 q=6 q-7 q=8 q»9 q=10 

5 3?.39 56.10 75.36 93.97 112.17 130.11 1*7.81 165.39 192.60 
6 30.06 V8.62 65.90 82,60 98.93 115.03 130.9V 1V6.69 162.3H 
7 27.31 VV.69 60.89 76.56 91.86 106.98 121.90 136.71 151.39 
8 25.61 V2.2V 57.77 72.77 87.*6 101.9V 116.23 130.V3 144.50 
9 2V.V5 V0.57 55.62 70.17 6V.«2 98. Vb 112.32 126.06 139.7V 

10 23.62 39.3V 5V.0V 66.26 82.19 95.90 109.V6 122.91 136.2V 
11 22.98 38.VI 52.8V 66*61 60.48 93.95 107.27 120.V6 133.57 
12 22.V8 37.67 51,90 65.66 79.1V 92. VI 105.5V 118.55 131.45 
13 22.08 37.08 51.13 6V.73 78.0V 91.15 10V.12 116.96 129.7V 
Ik 21.75 36.59 50.50 63.95 77.13 90.12 102.97 115,69 128.32 
15 21.V7 36.17 *>9.97 63.30 76.37 69.26 101,99 11*..69 127.1V 
16 21,2V 35.32 V9.51 62.76 75.73 66.51 101.14 113.67 12b,10 
17 21.03 35.52 V9.12 62.26 75.16 87.87 100.V2 112.67 125.22 
13 20.86 35.26 U8.78 61.66 7V.66 87.31 99.80 112.17 12 4.46 
19 20.70 35,02 V8,V7 61.50 7V.25 66.82 99.25 111.56 123.79 
20 20.56 5 •♦.82 V8.21 61.17 73. 67 86,38 98.75 111.02 123.16 
25 20.06 3V.06 V7.23 59.98 72.H7 6V: 78 9b. 95 109.01 120.99 
30 19,7V 33.59 46.61 59.21 71.58 83.7V 95.79 107.71 119.57 
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TABLE VII (Continued) 

a ■ 0.05     P = 5 

n q"2 q*3 q*4       q«5       q=6       q«7 q=8 q=9 q=10 
o 

6 51.11 SI.99 110.92 130.96 166.54 193.71 220.66 247.37 273.86 
7 43.40 71.06 97.03 122.22 146.95 171.34 195.49 219.47 243.30 
8 39.29 65.15 89. 45 113.03 136.16 159. 04 181.65 204.1* 226.48 
9 36.71 61.39 6«».62 107.17 129.30 151.17 172.60 19k.27 215.6H 

10 34.93 50.76 61.25 103.06 124.-»8 145.64 166.5t> 187.37 208.02 
11 33.62 5Ö.S5 76.75 100.02 120.92 141.54 161.99 182.2H 202.37 
12 32.62 55.37 76.63   97.66 116.15 138.36 158.3« 176.23 196.03 
13 31.83 54.19 75.30 95.62 115. ib 135.86 15».5* 17?.10 19%.51 
1*» 31.19 53.23 7*». 05 9*».29 114.1& 133.80 153.21 172. 49 191. tö 
1» 30.66 52.44 73.01   93.02 112.0b 132.07 151.29 170.36 184.30 
16 30.22 51.76 72.1*»  91.9*» 1U.«1 130.61 l-»9.6o loh.53 167.32 
17 29.83 51.19 71.39 91.03 110.3*» 129.38 148.25 166.99 185.61 
16 29.51 50.69 70.7*»  90.23 109.39 128.29 1*7.03 165*65 18*».10 
19 29.22 50,26 70.17   69.5*» 108,57 127.36 1*5.*7 16*».*»5 182,el 
20 26.97 *»9.86 69.67 86.93 107.35 126.52 1*»5.02 163,38 181.65 
25 28.05 48.46 67.66 86.70 105.21 123.51 1*»1.62 159.60 177. H9 
30 27,*»6 47.61 66.71   85.29 103.56 121.60 139.*»7 157,22 17*,. 67 

a  ■   0.05 p =  6 

n q=2 q=3 q=4       q=5 q=6        q=7 q=8        q=9 q=10 
o 

7 69.62 112.59 153.28 192.75 231.oQ 269.98 306.03 3*5.81 33J.45 
8 59.2*» 97.92 13*».*»2 169.9*» 20*». 36 239.37 373.52 307.61 3*1.**» 
9 53.5b 89.72 123.37 157,11 169.33 222,1*» 25*».13 286.00 317.69 

10 *»9.95 84.42 117.03 iki.if 179.37 210.85 2*1. *»6 271.8*» 30?. 1? 
11 *»7.*»3 80,69 112.16 1*>2.65 173.10 202.35 232.46 261.80 291.03 
12 *»5.56 77.90 108.56 136,*»0 167.79 196,8*» 225.65 25«».25 282.76 
13 44.11 75.7*» 105.72 13*».9*» 163.72 192.15 220.37 24B.39 276.2*» 
Ik *»2.96 7k. 00 103.*»6 132*19 160.-4*» 186.39 216.09 ?4J.b7 271.04 
15 42.03 72.59 101.61 129.90 157.76 185.31 212.63 239.72 266.75 
16 41.24 71.41 100.07 128.01 155.52 182.73 209.70 236.Hö 263.15 
17 40.58 70.40 98.76 126.38 153,60 180,51 207,23 233.73 260,07 
18 *»0.02 69.54 97.63 125.01 151.96 176.63 205.09 231.36 257.46 
19 39.53 66.30 96.64 123.80 150.55 176.99 203,21 229,26 :55,19 
20 39.11 68.13 95.77 122.73 149.29 175.53 201.oO 227.45 253.19 
25 37.58 65.79 92.69 116,93 144.76 170.35 195,69 220.92 246.00 
30 36.63 64.33 90.77 116.57 141,17 167,13 192,0« ?lo*62 241.49 
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TABLE VII (Continued) 

n q«2 

a = o.oi  p - 2 

q*3  q=4   q=5  q=6 q*7   q=8   q*9   q=10 

3 17.67 24.99 31.49 37.60 43.45 49.14 54.70 60.16 65.52 
4 15.53 22.25 26.20 33.60 39.15 44.36 49.44 54.43 59.35 
ö 14.46 20. 98 26.56 3.1.90 37.01 41.97 4b .82 51.57 56.26 
6 13.8«» 20.17 25.58 30.76 35.f2 40.54 45.24 49.86 54.40 
7 13.(»2 19.52 24.93 30.00 34.16 39.59 44. 20 46.71 5».16 
5 13,12 19.13 24.46 29.46 34.25 38.90 43.44 47.69 52.26 
9 12.90 13'. 9<» 24.11 29.0> 33.40 36.39 42.89 47.28 51.61 

10 12.72 19. ol 24.64 28.74 33.44 37.99 42.4-» 46.80 51.10 
tl 12.56 18.43 23.62 26.49 33.15 37.66 42.09 46.42 50.69 
12 12.47 16.29 23.44 26.26 32.92 37.41 41.80 46.11 50.35 
13 12.37 16.16 23.30 26.11 32.72 37.20 41.57 45.85 50.07 
14 12.30 16.06 23.17 27.97 32.56 37.01 41.36 45.63 49.63 
15 12.23 17.97 23.07 27.84 32.42 36.65 41.19 45.44 49.62 
lb 12.17 1   .69 22.97 27.73 32.29 36.72 41.04 45.26 49.45 
17 12.12 17.83 22.89 27.64 32.16 36.60 40.91 45.13 49.29 
18 12*07 17.77 22.82 27.56 32.39 36.49 40.79 45.01 49.16 
19 12.13 17.71 22.75 27.46 32.01 36.40 40.69 44.69 49.03 
20 11.99 17.67 22.69 27.42 31.93 36.32 40.60 44.79 48.93 
25 11.66 17.49 22.48 27.16 31. iS 36. SO 40.25 44.42 46.52 
30 11.77 17.37 22.34 27.00 31. *7 35.60 40.02 44.17 48.25 

n q«2 

a » O.OI   p - 3 

q=3   q-4  q»5   q»6 q»7  q=*8  q*9  q«10 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
25 
30 

30.17 
25.75 
23.53 
22.20 
21.31 
20.67 
20.19 
19*62 
19.52 
19.28 
19.(T 
16.90 
18.75 
16.62 
18.51 
16.41 
16.32 
17.99 
17.79 

44.00 
36.23 
35.30 
33.53 
32.34 
31.46 
30.84 
30.33 
29.93 
29.60 
29.32 
29.Oo 
26.88 
28*71 
28,55 
21.42 
24.30 
27.85 
27.56 

56.58 
49.56 
46.00 
43.83 
42.37 
41.32 
40,52 
39.90 
39.40 
39.30 
38.65 
38.36 
36.11 
37.89 
37.70 
37.54 
37.19 
36.83 
36.47 

66.55 
60.36 
56.17 
53.62 
51.91 
50.67 
49.73 
49.01 
46.42 
47.93 
47.53 
47.16 
46.09 
46.63 
46.41 
46.21 
46.04 
45.36 
44.96 

60.14 
70.40 
66.02 
63.11 
61.14 
59.73 
58.65 
57.91 
57.14 
5e.?8 
56.13 
55.»3 
5Ü.39 
55.10 
54.54 
54.61 
54.-1 
53.*5 
53.16 

91.49 
61.01 
75.65 
72.38 
70.17 
69.56 
67.37 
66.42 
63.66 
65.03 
64.51 
64.07 
63,b9 
63.36 
63.07 
62.60 
62.56 
61.74 
61.16 

102.60 
91.03 
65.10 
61.47 
79.03 
77.25 
75.91 
74.66 
74.03 
73.33 
72.75 
72.27 
71.63 
71.47 
71.14 
70.87 
70.60 
o9.6-> 
69.05 

113.57 
100.91 
94.42 
90.45 
67.76 
65.62 
84.34 
63*20 
62.26 
61. c, 1 
60.67 
80.34 
79.Sc 
79.47 
79.12 
7». 80 
76.*2 
77.46 
76.81 

124.41 
110.66 
103.61 
99.30 
96.36 
94.27 
92.69 
91.43 
90.42 
0 4.(>9 
98*90 
08.31 
97.79 
67,36 
66.97 
86.64 
60.33 
85.20 
64.46 
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TABLE VII (Continued) 

q*2 

a = o.oi        p ■ 4 

q»3       q«4      q=5       q»6 q=7        q»8      q=9       q=10 

5 45.48 67.68 66.52 108.33 127.50 146.51 165.13 183.5** 201.62 
6 38.*»1 56.52 77.05 94.61 lie.11 129.07 145.79 162.32 176.70 
7 34.80 S3.66 71.05 67.72 103.95 119.66 135.53 151.06 166.42 
5 32.58 50.06 67.33 63.30 9».66 114.12 129.14 143.99 158.73 
9 31*06 48.61 64.78 60.27 95.36 110.17 124.74 139.17 153.43 

10 30.00 47.12 62.92 78.07 92.92 107.26 121.54 135.60 149.57 
11 29.18 45.99 61.50 76.36 90.97 105.07 119.07 132.69 146.62 
12 28.5U 4?.io 60.39 75.06 69.33 103.3H 117.13 130.77 144.26 
13 28.03 44.38 59.«8 73.96 66.09 101.92 115.56 129.03 142.39 
in 27.60 i»3.79 56.74 73.09 67.05 100.75 114.26 127.60 140.61 
15 27. 2* 43.29 56.12 72.34 66.19 99.76 113.16 126.40 139.49 
lo 26. 94 42.86 57.59 71.71 65.i»5 96.94 112.24 125.35 136.36 
17 26.66 42.50 57.13 71.17 64.62 96.23 111.42 124.46 137.41 
19 26.«»6 42.18 56.72 70.68 64.26 97.59 110.71 123.70 136.56 
19 26.26 41,90 56.36 70.26 83.79 97.04 110.11 123.02 135.81 
20 26.08 41.65 56.06 69.69 83.36 96.55 109.56 122.42 135.13 
25 25.44 40.74 54.92 66.52 81.77 94.75 107.55 120.19 132.73 
30 25.03 40.17 54.19 67.64 60.75 93.60 106.26 118.78 131.15 

a ■ o.oi 

q«2       q»3      q«4        q«5        q«6       q«7        q=8      q»9       q«10 

6         63.59 96.63 127,33 156.94 185.94 214.26 242.31 270.07 297,64 
7         53.60 63.24 110.79 137.35 163   28 166.63 214.03 238.93 263.64 
6         46.35 76.11 101.91 126.76 151.07 174.97 196.56 221.92 245.07 
9          45.09 71.61 96.26 120.07 143.30 166.13 166.66 211.02 233.21 

10          42.66 68.51 92*37 115.39 137.68 159.97 161.62 203.43 224.64 
11          41.23 66.22 69.50 111.93 133.65 155.44 176.71 197.61 216.68 
12          39.99 64.*7 67.29 109.29 130.76 151.90 172.76 193.43 213.96 
13          39.00 63.06 65.53 107.18 126.32 149.13 169.66 190.01 210.16 
1*         36.21 61.95 64.10 105.46 126.Jl 146.66 167.06 167.15 207.06 
15         37.55 61.01 62.90 10<».02 124.66 144.93 164.97 16**63 204.4.6 
16          37.00 60.73 61.90 102.62 123.26 143.34 163.17 162.6» 202.3<* 
17          36.52 59.55 61.04 101.76 122.04 141,96 161.i7 161.15 200*45 
16          36*12 56.97 60.30 100.88 120.19 140.77 160.31 179.*5 198.66 
19          35.77 56.H6 79.65 100.10 120.06 139.76 15S.14 176.3» 197.1.2 
20          35.46 56.01 79.09 99.41 119.29 136.62 156.11 177.22 196*16 
25          34.33 56.36 77.00 96.91 116.36 135.49 154.36 173.09 191.64 
30         33.62 55.37 75.70 95.34 114.52 133.40 152.02 170.48 166*62 
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TABLE VII (Continued) 

a - O.Ql        p ■ 6 

n q=*2 q=3 q=4       q=5 q=6 q=7 q=8 q»9 q«10 

7 S4.51 130.23 173,00 214.41 254. }5 294.86 334.36 373.45 412*35 
8 71.34 112.^5 150.89 188.07 224.50 260.H3 295.48 331.06 365.96 
9 64.27 102.74 138.71 173.53 207.62 241.23 27<*.41 307.34 340.08 

10 59.81 96.J1 130.87 164.10 196.59 22o.79 260.53 291.97 323.20 
11 56.71 92.15 125.34 157.47 188.32 219.93 250.6« 280.98 311.19 
12 54.43 83.92 121.24 152.51 183.14 213.36 243.19 272.79 302.24 
13 52.68 8o.*l 116.04 148.67 178*64 208*24 237.H4 26b.46 295.22 
14 51.29 84.m 115.«.8 145*56 175*06 204*06 232.85 261*33 289*58 
15 .50.16 82.77 113.38 143*04 172*11 290*75 229.06 257.12 284.96 
16 49.22 81**1 111.65 140*92 169*61 197*92 225.90 253.59 281.09 
17 i»8.*l 80.26 110.16 139*13 167.53 195.49 223.20 250.62 277.86 
18 47.7H 79.27 108.91 137*60 165.73 193. *»6 220.87 246.03 275.04 
19 *7,15 78,HO 107.80 136.26 16*.17 191.64 218.85 245.80 272.61 
20 46.o3 77.65 106.83 135.09 162.dO 190.07 217.07 243.87 270*47 
25 44.80 7*.97 103.36 130.68 157.37 164.4«* 21C.76 236.82 262.71 
30 43.67 73.30 101.21 128.26 154.80 180.93 206.7) 232.45 257.86 
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SECTION VII 

LIKELIHOOD RATIO TEST STATISTIC FOR MULTIPLE 

HOMOGENEITY OF THE COVARIANCE MATRICES 

In this section, we discuss Pearson type approximations to the dis- 

tribution of the likelihood ratio statistic for testing the hypothesis Hc 

when p. * p(i ■ l,...,q) and where H was defined in Section II. This 

hypothesis is of interest ii studying certain linear structures on the 

covariance matrices (see Krishnaiah and Lee [19]). The likelihood ratio 

statistic for testing H is 

q 
n 

i=l 
Aii/ni 

n./2 

k 
n 

* 
q3 

I .    Aii/nj 

n*/2 

^j-l*1 

(16) 

where n. and A.. were defined in the preceding section, and 

* 

* 
n. 
3 i»q..1+i 
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The h-th moment of V is given by 

ECvJ)   = 

• k     , hn*P/2 

QFl  
q hn p/2 
n  (n,     * 

Lg=i 

P       k 

i=l   ot=l 

a 

7T 

FE(n +hn +l-i)3 2    9 2  

.    r'|(n%l-i)] 

r[7(na+hna+1-i)J 
(17) 

1 /h 
As in the preceding section, the distribution of V   is approximated 

with the Pearson's Type I distribution where b is a properly chosen 

integer.  In Tables VIII and IX, we have n. = n and q - kd. 
1   o 

In Table VIII, a.   is the value of a obtained if we use Pearson 

type approximation whereas a is the value of a obtained by using Box's 

-13 
asymptotic series up to order n  , where 

=   (l-oO {V5±C5|Hs]   S (18) 

and V5 - -2 log v5. 

Table VIII indicates that the accuracy of the Pearson type approximation 

is sufficient for practical purposes. Using the above approximation, .«e 

computed tables for the values of c where a ■ 0.05, 0.01, k a 2, 3, 

M = 1(1)20(5)30, M = n - p, p = 1,2,3,4.  These values are given in 
o 

Table IX. 
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APPENDIX 

Let W (0 <_ W <^ 1) be a random variable whose moments are given by 

jf rLXi('^) tij 
e(w Jc"CFTPy/'/fr**i --:■      ^ 

n       ab 
where C is chosen such that BOH ■ 1 and I   X. = I   Y.. Box (1949) gave an 

i=l *  j=l J 

asymptotic expression for the distribution of -2p log W, where p (0 ^ p ^ 1) is 

an arbitrary constant. 

In this appendix we give asymptotic expression for the distribution of 

-2P log W with remaining term of order N"  where p is chosen such that u), ■ 0, 

cor is given by 

L-l 

finite*?«) ^ 2: ^ILSLI&J! 

ßi = (1 - p)X., e. = (l- p)Y. and Br(h) is the Bernoulli polynomial of degree 

r and order unity. 

Let g^(z) be the probability density function (p.d.f.) of the x distribution 

with v degrees of freedom and N be the sample size. 'Tie p.d.*\ of -2p log W is 

given by 

im - ML sri}) 4 ocN'tr) 

where 
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